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and structural testing-aerodynamic research wing 1. This model
consists of 10 structural modes, which are represented by 20 states.
The aerodynamics (for Mach number M = 0.9) are represented us-
ing Roger’s rational approximation’ involving two lag terms. This
leads to an additional 20 states, which will be referred to as aero-
dynamic states. The aileron is activated by a third-order actuator,
which contributes another three states. Finally, the system is as-
sumed to be subjected to atmospheric turbulence, which is modeled
by the Dryden gust spectrum. This yields two additional states. We
therefore end up with a plant having a total of 45 states. Clearly,
any LQG design results in a controller of order 45. Attempts will
be made in the following to apply our procedure to this example in
order to come up with a controllerhaving a lower order, with negli-
gible effect on its performance. The full-state feedback LQG design
was obtained in this example using the fictitious noise adjustment
procedure’ for robustness improvement. The flutter dynamic pres-
sure for the closed-loopcase at M = 0.9 is givenby O = 191 psf.
This compares with Q = 96 psf obtained for the open-loop case.
The LQG design point for this example is at a dynamic pressure
Qp = 156.9 psf. The minimum singular value of the return dif-
ference in this single-input-single-outputexample is oy, = 0.886.
The control surface activity at the design point, due to a 1-ft/s gust
velocity, is given by 6 = 4.22 deg and 6 = 183 deg/s, with perfor-
mance index J = 5484 (obtained with R = 107° and Q = 0). The
LQG design yields the full-state matrices F and L, and, therefore,
the first step of the design procedure has been achieved (note that F
is not strictly required for this first step).

Application of Proposed Method
to Plant-Controller System

Steps 2-6 of the proposed procedure are now followed, leading
to the transformed set of equations in terms of z states. The results
obtained using steps 2-6 of the proposed procedure are presented
in Table 1 and reveal the important z states in the plant-regulator
feedback system. As can be seen from Table 1, the important z
states are the following: 1-7 and 43-45. This yields a total of 10
important states. Finally, we proceed with steps 7-10 of our proce-
dure, using the justdetermined 10 important z states. The results are
summarized in Table 2. As can be seen, the value of J for the 10th-
order controller (J = 5505 with a total of 55 states for the plant-
controllersystem) is essentially the same as the value obtained using
the full-order controller (J = 5484, with a total of 90 states for the
plant-controllersystem). The control surface activities and the flut-
ter dynamic pressure are identical for both full- and reduced-order
controller systems, with only small differences observedin the val-
ues of o,;,. For the full-order controller, &, =0.886, compared
with o,,;,, = 0.835 for the 10th-order controller. The root-locus and
Nyquist plots for the reduced-ordercontroller (not shown) are essen-
tially identical to the root-locus and Nyquist plots for the full-order
controller.

Table1 Numerical values of the component cost v); in the z space
for the closed-loop plant-regulator system, J = 1070.13

ith ith ith

z coordinate Vi z coordinate Vi z coordinate "7

1 —247.53 16 0.13 312 0.29
28 31.01 17* 0.00 32 3.61
32 —504.05 182 0.00 33 -0.97
4 —538.58 192 5.57 342 3.47
52 2404.94 20% —-1.13 35% 0.50
6" —565.16 21 0.12 36° —1.28
7 803.66 22 —0.12 37° 0.00
82 5.26 23% —0.54 38 0.00
98 —-1.25 242 —0.01 392 0.38
10 0.16 25 0.00 40* 0.90
112 0.00 26 0.00 412 —0.51
122 0.00 27 —0.05 422 341
13 —0.01 28 0.64 432 4420.55
142 —0.25 292 2.35 442 —73.88
152 —0.67 302 1.89 45 —4682.73

2Denotes pairs of conjugate eigenvalues in reconstruction error matrix.

Table2 Summary of plant-controller results

No. of

observer

feedback QOr, 5, 8,

Z states J psf Omin deg deg/s Remarks

45 5484 191 0.886 4.22 183.0 Full-state controller
10 5505 191 0.835 4.23 183.5 Truncated controller
0 10717 —— —— 1.84 169.2 Regulator with 10

feedback z states

Conclusions

The proposed method enables the order reduction of LQG de-
signed controllers, with negligible effects on the closed-loop per-
formance. The method ensures that the optimal reconstructederrors
of the important feedback states are totally unaffected by the reduc-
tion of the order of the observer.
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Approximations for
Quantitative Feedback
Theory Designs
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Introduction

UANTITATIVE feedback theory (QFT) is a powerful tech-

nique for the design of multi-input/multi-output(MIMO) flight
control systems, which guarantees performance and stability ro-
bustness in the presence of significant parametric uncertainty in
the vehicle model.! The performance specifications can be stated
in either the time or the frequency domain, with the latter being
more common. In employing QFT in the frequency domain, the de-
signer must specify bounds on the amplitude ratios of on-axis and
off-axis response-to-command transfer functions (desired tracking
performance and desired cross-coupling minimization). Whereas
specifying tracking bounds is fairly straightforward, especially in
flight control problems where handling qualities specifications can
provide some guidance, the specification of cross-coupling bounds
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can be problematic. This is not a minor concern as these cross-
coupling bounds can drive the entire QFT design. Finally, MIMO
QFT designsare usually approachedusing a sequential loop closure
technique to minimize conservatism? Until now, no method other
than trial and error could be employed to determine the loop closure
sequence. As will be seen, both the problem of determining cross-
coupling bounds and loop closure sequence can be solved using an
approximate predesign technique (PDT).

Flight Control Example

Consider Fig. 1, which shows a feedback topology for the design
of a lateral-directional flight control system for a supermaneuver-
able fighter. A single diagonal compensation matrix Gqpr(s) is to
provide performance and stability robustness across a variety of
flight conditions. Here, P(s) representsa 2 X 5 plant matrix with
outputs of sideslip S and roll rate p. There are five controleffectors:
differential horizontal stabilator, yaw thrust vectoring, differential
pitch thrust vectoring, aileron, and rudder. The matrix Sisa 5 x 2
control distributionmatrix. Also shown is an inner, yaw-rate r feed-
back loop, which has been closed with a fixed compensator G, (s).
The matrix G.(s) is a constant2 x 2 precompensationmatrix, which
approximately decouplesthe plantacross the flight conditions being
studied.? Finally, the matrix F(s) is a diagonal2 x 2 prefilter matrix.
The goal of the QFT design is to specify the diagonal elements of
Gqrr(s) and F(s) to meet performance and stability requirements
in the presence of the uncertaintyin P(s) introduced by considering
15 different flight conditions.

PDT
Approximately Decoupled Controls
The PDT has its basis in an assumption regarding the diagonal
compensationelements of Gqpr(s). Referring to the example, if the
pseudocontrols ug and u, are approximately decoupled, then the
following relationship can be employed:

~ (@, [5) - 11/ (Bl up)]
Garr,, = (a0, [s) - [1/ (plu,)]

GQFTW

M

where the double subscripts on the left-hand sides of the equations
represent diagonal elements and the @, _, represent crossover fre-
quencies. Equation (1) exploits the well-known fact that the loop
transmission L(s) of a well-designedsingle-inputksingle-outputsys-
tem, or the loop transmissions of a decoupled MIMO system, each
resemble w,_,/ s near the region of crossover. Equation (1) extends
this approximation to all frequencies. In terms of approximating
the elements of Gqrr(s), low-frequency characteristics (0 < @,)
are relatively unimportant provided |L(jw)| > 1.0, and the high-
frequency characteristics (w > ®,) are relatively unimportant pro-
vided |L(jw)| < 1.0. These conditions are guaranteed by Eq. (1).
For QFT designs, a nominal plant is selected to define a nominal
loop transmission on the Nichols chart. For the PDT, this simply
means choosing one of the possible plants out of the uncertain set
to define the denominator of the right-hand sides of Eq. (1).

The PDT is limited to minimum phase systems, or at least those
possessing no low-frequency zeros in the right-halfplane. Thus, the

diagonal elements of P - S - G.(s) should have no right-half plane
zeros at or below the loop crossover frequency.

Coupled Controls

If a precompensator G . (s) is not being employed, and if the plant
itself is not adequately decoupled, the relation of Eq. (1) may have
to be modified to account for the control cross coupling that may
exist. In such a case, Eq. (1) becomes

W 1 O, 1
_———, Gorr,, N — ————
s (ﬁ/uﬁ)[lﬂll/; (p/u[l)ﬁﬂu[j

G ~
QFTpp rp s
(2)
The subscripts on the parenthetic terms in the denominators on the
right-handsides of Eqs. (2),e.g., p — u,, mean that, in calculating
the transfer function in parentheses, the remaining control loop is
closed. In the analysis, one of the compensators will have to be
determined first, and the compensation in the remaining loop will
be unknown. The most expedient course is simply to approximate
the unknown compensator by the appropriate relation in Eq. (1).

Implementation

Inemploying the PDT as part of a QFT design, arelatively simple
implementation procedure can be followed, here couched in terms
of the flight control example of Fig. 1.

1) Tracking performanceboundsare selected. Initial estimates for
the crossover frequencies ., and ., are chosen. Approximations
for the diagonal compensationelementsin Gpr(s) are created from
eitherEgs. (1) or (2). With approximationsfor the compensatorsthus
obtained, closed-looprelations for the tracking and cross-coupling
transfer functions can be obtained for each flight condition. If the
variations in the amplitude of the tracking transfer functions across
all of the flight conditions exceed the bounds at some frequency or
frequencies within the range of interest, then the crossoverfrequen-
cies are increased and the procedure repeated. When the variations
are acceptable, elements in the prefilter matrix F'(s) can be deter-
mined so that the actual tracking transfer function amplitudes lie
within the prescribed bounds.

2) Next is cross-couplingminimization. After completing step 1,
the amplitudes of the closed-loop cross-couplingtransfer functions
can be obtained for each flight condition. Least-upper bounds on
these amplitudes will provide realistic bounds for cross-coupling
minimization for the formal QFT design. Of course, if cross-
couplingbounds are available ab initio (typically an unlikely event),
then crossoverfrequency selectionin step 1 is predicatedon meeting
these as well as the tracking bounds.

3) Last is cost of feedback. An examination of the predicted
compensation from Eqgs. (1) or (2) in the region beyond crossover
provides an estimate of the sensor noise propagation to the plant
inputs. This noise propagation has been called cost of feedback by
Horowitz.!

Results
The results of the implementation of the PDT just described will
be 1) estimates of the loop crossover frequencies, 2) estimates of
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Fig. 1 MIMO lateral-directional flight control system.
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Fig. 3 Cross-coupling minimization for roll-rate to sideslip command with PDT for 15 flight conditions.

the required compensation and prefilters (with cost of feedback), 3)
estimates of realistic cross-couplingbounds to be used in the formal
QFT procedure, and 4) a suggested loop closure sequence for the
formal QFT procedure. Because the formal QFT procedure will
likely involve sequential loop closure, and because this first loop
closure involves the most conservatism, the loop with the lower
estimated crossover frequency should be the first to be closed in the
formal QFT design.

Application to the Flight Control Example

Tracking performance bounds were selected for the flight control
example outlinedearlier, and the steps just outlined were performed.
Figure 2 shows the estimated roll-rate tracking performance that
resulted, i.e., |(p/ p.)(jw)| for the 15 flight conditions considered.
Figure 3 shows the estimated cross coupling between roll-rate and
sideslipcommand, i.e., |(p/ B.)(j ®)|. A suggestedbound to be used
in the formal QFT design is also shown. The estimated crossover
frequencies that yielded the performance shown were ., = 3.0
rad/s and @., = 6.0 rad/s. These values suggest that the 8 loop
should be closed first in the formal QFT design. An examination of
the elements of the total compensationmatrix G, - Gqpr(s) indicates
that the 8 loop will involve a considerably higher cost of feedback
than the p loop.

The results of predesign exercises as described have compared
quite favorably with those obtained in formal QFT designs that
entailed none of the approximationsused in the PDT.?

Conclusions

The computational requirements for obtaining the results sum-
marized in the preceding section were very modest and were easily
accomplishedusing computer-aidedcontrol systemdesign software.
Of special significance is the ability of the PDT to indicate a loop
closure sequence for MIMO QFT designs that employ sequential
loop closure. Although discussed as partof a 2 x 2 design, the PDT
is obviously applicable to designs with a greater number of inputs
and system responses.
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Introduction

OBUST and nonrobust time-optimal control of flexible space-

craft has been the subject of numerous papers in recent
years.!”7 The command profiles are obtained by using a numeri-
cal optimization to minimize the command duration while satisfy-
ing a set of constraint equations. To obtain the exact time-optimal
commands, a nonlinear optimization must be performed. Because
nonlinear optimizations are dependent on initial guesses and are
susceptible to local minima, the solutions obtained must somehow
be verified. This Note presents a numerical method for checking the
validity of numerically obtained command profiles.

Robust Time-Optimal Control

The time-optimal control for rest-to-rest slewing of a linear flex-
ible system with denominator dynamics has been shown to be a
multiswitch bang-bang profile.":3 The control has the effect of plac-
ing a zero over each of the flexible poles of the system.>® Robust
time-optimal commands can be generated by placing two zeros at,
or near, each pole.*~® Robust commands are also multiswitch bang-
bang functions.

For example, consider the system shown in Fig. 1 when the total
mass is 1, the input force is bounded by %1, the low mode is 1 Hz,
and the second mode is set to 4.4 Hz. The constraintequations used
to determine the robust time-optimal control can be found in many
sources.*~® Figure 2 shows the switch times of a robust command as
a function of the desired slew distance x,;. The switches are shown
over the small range of 1.96 < x,; < 2.06. The number of switches
and their time locations change in a complicated manner.

The robust time-optimal switch times (including the switches at
the start and end of the command) for the case of x; = 2.02 are

t, =[0 0.042332 0.048551 1.09422 1.27463 1.42838
1.44837 1.51773 1.58709 1.60709 1.76083

1.94125 2.98692 2.99314 3.03547] €8]

If the initial guesses used for the nonlinear optimization are
changed slightly, then the optimization finds a local minima and
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Fig.1 Simple model of a system with two flexible modes.
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Fig. 2 Switch times as a function of move distance.

returns switch times of
t; =[0 0.05339 0.06250 1.04164 1.04313 1.10669

1.29053 1.5209 1.75127 1.93512 1.99867

2.000162 2.97931 2.98841 3.0418] )

Note that command duration (the final #;) is slightly longer than the
true time-optimal command of Eq. (1). In general, local minima can
yield profiles that are considerably longer and have more or fewer
switches than the true time-optimal command.

Verification of Solutions
From the preceding section, we know that the solution space for
robust time-optimal control of multimode systems is very compli-
cated. In this section, we present a method for verifying the time
optimality of a prospective solution. Using this method, we can dis-
card local minimum solutions and continue searching for the global
optimal.
To verify the optimality of the nonrobust time-optimal control,
we consider the system represented in the form

x(1) = Fx(t) 4 gu(r) 3
y(1) = hx(1) @

where F' is the block diagonal of [F, F, - F,l.g = [g 0
g - gul',andh=Thy h; O --- h, O0].F,, g, and h, repre-
sent the rigid-body dynamics and are given by

o]0 1
°“lo o

F,,... F, representthe m flexible modes and are given by

F |: 0 1 i|
/ —cof -2 0;

Ithasbeenshown thatthe double-zerorobusttime-optimalcontrol
is equivalentto the time-optimal control of a related flexible system
that has double poles at each of the flexible poles of the original
system.>%° Thus, to verify the optimality of the robust time-optimal
control, we consider an augmented system where

g =10 1] ho=11 01 (5

j=12...,m 6)

|_ 0 1 0 1 -|
- 2w, 0 0
o i i @j _
F, 0 0 o 1 j=12...m
0 0 —cof —2¢ o,
(7

g=1I[g 0 gu 0 gu 0 8 0 gl ®)
h = [hO hlu 0 hlb 0 e hmu 0 hmb O] (9)



